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QUASI-LOCAL ENERGY AND OPPENHEIMER-SNYDER
COLLAPSE
XIAOKAI HE AND NAQING XIE
Dedicated to the memory of Professor Chaohao Gu.
Abstract. We consider a scenario of the gravitational collapse of the
Oppenheimer-Snyder dust cloud with spatially constant matter density.
Given a closed two-surface within the star, three versions of the quasi-
local energy are investigated. We show that, during the collapse, (i)
the Geroch energy of the surface is nonpositive and increases to zero;
(ii) the Hawking energy of the surface is monotonically increasing and
approaches to the Hayward energy of the initial surface; and (iii) the
Hayward energy of the surface is conserved and remains positive. These
results have no restrictions on the topology and the symmetry of the
surface.
1. Introduction
It is widely believed that a star will collapse when it has exhausted all
thermonuclear sources of energy. The occurrence of the singularity can be
viewed as the consequence of the competition between the blow-up of the
spacetime curvature and the shrinking of the star. In 1939, Oppenheimer
and Snyder studied the collapse of a spherically symmetric dust cloud by
using a special class of Tolman solutions [11]. The star is assumed to have
uniform matter density. There is no shell-crossing and the dust shells all
arrive at the same time at the centre. The time of the occurrence of the
singularity is determined by the initial matter density. The greater the
density is, the sooner the singularity appears.
We are given a closed two-surface in a time slice within the star. The
surface will collapse and ultimately meet the singularity. As a quasi-local
description of the gravitational collapse, it is natural to ask how the energy
of the domain enclosed by the surface behaves. Does the energy sufficiently
balance the shrinking of the surface?
In this paper, three versions of the quasi-local energy are investigated.
We show that, during the collapse, (i) the Geroch energy of the surface is
nonpositive and increases to zero; (ii) the Hawking energy of the surface
is monotonically increasing and approaches to the Hayward energy of the
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initial surface; and (iii) the Hayward energy of the surface is conserved
and remains positive. Even though the spacetime we consider is spherically
symmetric, there are no restrictions on the topology and the symmetry of
the surface in question.
The order of the paper is as follows. In Section 2, we give a brief review
of the Oppenheimer-Snyder dust model. Section 3 includes the main results
and the proof. Conclusions and discussions are in the last section.
Throughout this paper, we make use of the gravitational system of units
with c = G = 1. The signature of the spacetime metric is assumed to be
(−,+,+,+). Unless otherwise stated, Greek indices are used to label space-
time dimensions, lower case Latin indices are reserved for three-dimensional
objects, and capital ones are for two-dimensional objects.
2. Review of the Oppenheimer-Snyder collapse
This section gives a quick review of the collapse of the Oppenheimer-
Snyder cloud with uniform matter density. We follow the notations of
Choquet-Bruhat and most of the formulae in this section can be found in
[1, Chapter IV, Section 12].
The spherically symmetric spacetime metric is written as
g˜ = −dt2 + e2ω(t,r)dr2 +R2(t, r)(dΘ2 + sin2Θdϕ2) (1)
where r,Θ, ϕ are the matter comoving coordinates. Here R(t, r) is the areal
radius of the spherical dust shell of parameter r at time t.
The Einstein field equation
Ricg˜
( ∂
∂t
,
∂
∂r
)
= 0
and the conservation law
∇µT µ0 = 0
lead to the consequence that the density µ(t, r) at time t has the form
µ(t, r) =
r2µ0(r)
R2R′
.
Here µ0(r) is an arbitrary function of r,
′ denotes the derivative with respect
to the parameter r, and we have chosen R(0, r) = r. It has been shown that
the Einstein equation has a first integral [1, Page 99, Eqn (12.12)]
M(r) =
∫ r
0
µ0(ρ)ρ
2dρ. (2)
We identify µ0(r) with the initial density and from now on assume it to be
a positive constant µ0(r) = µ0 > 0. Consequently, one has
R(t, r) = r
(
1−
√
3µ0
2
t
) 2
3
(3)
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and
eω(t,r) = R′(t, r) =
(
1−
√
3µ0
2
t
) 2
3
. (4)
Note that under the assumption of constant matter density, ω(t, r) is inde-
pendent of the parameter r. We may rewrite ω(t, r) as ω(t) subsequently.
Equations (3) and (4) indicate that the dust shells all arrive at the centre
R = 0 at the same time and the singularity occurs at time t∗ =
√
2
3µ0
.
The function ω(t) satisfies a nice differential equation
(ω˙)2e3ω =
2µ0
3
(5)
- the blow-up of (ω˙)2 balancing the shrinking of e3ω as t → t∗−. Here ˙
denotes the derivative with respect to the time parameter t.
The spacetime metric (1) can be rewritten in the following (1+3)-form as
g˜ = −dt2 + gt
= −dt2 +
(
1−
√
3µ0
2
t
) 4
3
(
dr2 + r2dΘ2 + r2 sin2Θdϕ2
)
(r < R∗)
= −dt2 + e2ω(t)g0
(6)
where g0 = dr
2 + r2dΘ2 + r2 sin2Θdϕ2 is the Euclidean metric and R∗ is
the r parameter of the outermost dust shell at t = 0.
The induced three-metric gt on the time slice Mt = {t = const.} is also
flat. The extrinsic curvature Kt of Mt in spacetime has the form
(Kt)ij =
˙(e2ω)(g0)ij
2
= (ω˙)(gt)ij . (7)
indicating that Mt is totally umbilical, i.e. the extrinsic curvature is pro-
portional to the three-metric.
3. Main results
Suppose that a closed two-surface Σt lies in a time slice Mt within the
star. It is defined by an equation of the matter comoving coordinates
F (r,Θ, ϕ) = 0. We take the orthonormal frame {e0, e1, e2, e3}. Here {e2, e3}
are tangential to the surface Σt, e1 is the outward unit normal of Σt in the
time slice Mt, and e0 =
∂
∂t
is the future directed timelike unit normal of
Mt in spacetime. Denote by Ht and At the mean curvature and the second
fundamental form of Σt in Mt respectively.
The Geroch energy quasi-local energy [3] of Σt is defined as
EGeroch(Σt) =
1
8pi
√
|Σt|
16pi
∫
Σt
(Scalσt −
1
2
H2t )dσt.
Here σt is the induced two-metric on Σt, |Σt| =
∫
Σt
dσt is the area of Σt,
and Scalσt is the scalar curvature of the metric σt.
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The Geroch energy has a very nice monotonicity along the inverse mean
curvature flow and it plays a key role in the proof of the Riemannian Penrose
inequality [8].
Consider the ingoing (−) and outgoing (+) null geodesic congruences from
Σt. Let θ
±
t be the null expansions. Then the Hawking energy [5] of Σt is
defined as
EHawking(Σt) =
1
8pi
√
|Σt|
16pi
∫
Σt
(Scalσt + θ
+
t θ
−
t )dσt. (8)
Both EHawking(Σ) and EGeroch(Σ) can be nonzero even in the flat
Minkowski spacetime. This drawback is then corrected by Hayward [6].
By adding additional terms based on the double null foliation, his energy
becomes zero for any generic two-surface in Minkowski spacetime. This
motivates us to consider the following energy expression. Let θ±t and (σt)
±
ij
be the expansions and shear tensors of the congruences respectively.
EHayward(Σ) =
1
8pi
√
|Σt|
16pi
∫
Σ
(
Scalσt + θ
+
t θ
−
t −
1
2
(σt)
+
AB(σt)
AB
−
)
dσt. (9)
Note that the energy expression (9) is different from the original one Hay-
ward suggested in [6] which contains an additional anoholonomicity term.
In fact, the anoholonomicity is a boost-gauge-dependent quantity [12, Page
61]. In this paper, we use the energy expression as Eqn (6.5) in [12, Page
61] and still call it the Hayward energy.
Now we state our main theorem.
Theorem. Assume that the star has spatially constant matter density µ0.
Let Σt be a closed two-surface lying in a time slice Mt = {t=const.} within
the star. The surface is defined by an equation of the matter comoving
coordinates F (r,Θ, ϕ) = 0. During the collapse, i.e. for 0 ≤ t < t∗ =
√
2
3µ0
,
(i) The area of the surface |Σt| is monotonically decreasing as t increases.
|Σt| =
(
1−
√
3µ0
2
t
) 4
3 |Σ0|.
(ii) The Geroch energy is nonpositive and it is monotonically increasing as
t increases.
EGeroch(Σt) =
(
1−
√
3µ0
2
t
) 2
3
√
|Σ0|
16pi
(χ(Σ0)
2
− 1
16pi
∫
Σ0
H20dσ0
)
=
(
− 1
8pi
)(
1−
√
3µ0
2
t
) 2
3
√
|Σ0|
16pi
∫
Σ0
| ◦A0|2σ0dσ0.
Here χ(Σ0) is the Euler-Poincare´ characteristic number of the initial surface,
σ0, |Σ0|, H0, and
◦
A0 = A0− H02 σ0 are the induced two-metric, the area, the
mean curvature, and the traceless second fundamental form of the initial
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surface Σ0 in the time slice M0 = {t = 0} respectively.
(iii) The Hawking energy is monotonically increasing as t increases.
EHawking(Σt) =
(
1−
√
3
2
µ0 t
) 2
3
√
|Σ0|
16pi
(χ(Σ0)
2
− 1
16pi
∫
Σ0
H20dσ0
)
+
µ0
24pi
3
2
|Σ0|
3
2 .
(iv) The Hayward energy is conserved and remains positive.
EHayward(Σt) =
µ0
24pi
3
2
|Σ0|
3
2 .
By taking the limit as t→ t∗−, we have the following corollary.
Corollary.
lim
t→t∗−
|Σt| = 0,
lim
t→t∗−
EGeroch(Σt) = 0,
and
lim
t→t∗−
EHawking(Σt) =
µ0
24pi
3
2
|Σ0|
3
2 .
We are ready to prove our main theorem.
Proof. (i) |Σt| =
(
1−
√
3µ0
2 t
) 4
3 |Σ0| immediately follows from
gt =
(
1−
√
3µ0
2
t
) 4
3
g0 and dσt =
(
1−
√
3µ0
2
t
) 4
3
dσ0.
(ii)
EGeroch(Σt) =
√
|Σt|
16pi
( 1
8pi
∫
Σt
Scalσtdσt −
1
16pi
∫
Σt
H2t dσt
)
=
(
1−
√
3µ0
2
t
) 2
3
√
|Σ0|
16pi
(χ(Σt)
2
− 1
16pi
∫
Σ0
(
e−ωH0
)2
e2ωdσ0
)
=
(
1−
√
3µ0
2
t
) 2
3
√
|Σ0|
16pi
(χ(Σ0)
2
− 1
16pi
∫
Σ0
H20dσ0
)
.
where we have used the Gauss-Bonnet theorem and the fact that the Euler-
Poincare´ characteristic number remains unchanged. According to (6), the
induced three-metric gt on the time slice Mt is also flat. By the Gauss
equation of Σt in Mt, one has
Rσt(eA, eB , eA, eB)−A(eA, eA)A(eB , eB) +A(eA, eB)A(eA, eB)
= Rgt(eA, eB , eA, eB)
= 0.
Summing over A,B = 2, 3, it yields
Scalσt −H2t + |At|2σt = Scalσt −
1
2
H2t + |
◦
At|2σt = 0.
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Then one arrives at
EGeroch(Σt) =
(
− 1
8pi
)(
1−
√
3µ0
2
t
) 2
3
√
|Σ0|
16pi
∫
Σ0
| ◦A0|2σ0dσ0.
From this equation, it is obvious to see that the Geroch energy is nonpositive
and is monotonically increasing.
(iii) By the Gauss equation of Σt in spacetime, one can rewrite the Hawking
energy (8) as (cf. [12, Page 59, Eqn (6.4)])
EHawking(Σt) =
1
8pi
√
|Σt|
16pi
∫
Σt
(
Scalσt −
1
2
(H2t − p2t )
)
dσt
= EGeroch(Σt) +
1
16pi
√
|Σt|
16pi
∫
Σt
p2tdσt.
Here pt = trKt|Σt = Kt(e2, e2) +Kt(e3, e3). Now
1
16pi
√
|Σt|
16pi
∫
Σt
p2tdσt =
eω|Σ0| 12
16pi
√
16pi
∫
Σ0
(
4ω˙2e2ω
)
dσ0
=
|Σ0| 12
16pi
3
2
(
ω˙2e3ω
) ∫
Σ0
dσ0
=
|Σ0| 32
16pi
3
2
2µ0
3
=
µ0
24pi
3
2
|Σ0|
3
2 .
Here we have used (7) and (5) and the monotonicity of the Hawking energy
follows from that of the Geroch energy.
(iv) The contracted Gauss equation of Σt in spacetime [6, Page 833] reads
Scalσt + θ
+
t θ
−
t −
1
2
(σt)
+
AB(σt)
AB
− = σ
αµ
t σ
βν
t R
g˜
αβµν .
In terms of the orthonormal frame {eµ}, the right hand side of the above
equation turns out to be equal to 2Rg˜(e2, e3, e2, e3) - twice of the sectional
curvature of the spacetime metric g˜ with respect to the plane spanned by
{e2, e3}. Again, according to (7), one has
Rg˜(e2, e3, e2, e3) = R
gt(e2, e3, e2, e3) +Kt(e2, e2)Kt(e3, e3)−Kt(e2, e3)Kt(e2, e3)
= 0 + ω˙2 − 0
= ω˙2.
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Then
EHayward(Σt) =
1
8pi
√
|Σt|
16pi
∫
Σt
2Rg˜(e2, e3, e2, e3)dσt
=
eω|Σ0| 12
16pi
3
2
∫
Σ0
ω˙2e2ωdσ0
=
|Σ0| 12
16pi
3
2
(
eωω˙2e2ω
) ∫
Σ0
dσ0
=
µ0
24pi
3
2
|Σ0|
3
2 .
We have used (5) in the last step. This completes the proof of the main
theorem. 
We end this section by two concrete examples.
Example 1. Let Σt be a round sphere {r = a = const.}. Then
|Σ0| = 4pia2, H0 = 2
a
, | ◦A0|2σ0 = 0
and
EGeroch(Σt) = 0, EHawking(Σt) =
µ0a
3
3
, EHayward(Σt) =
µ0a
3
3
.
Example 2. Let Σt be a torus with major radius a and minor radius b. It
can parametrized as
x1 = (a+ b cos θ) cosϕ,
x2 = (a+ b cos θ) sinϕ, θ ∈ [0, 2pi), ϕ ∈ [0, 2pi)
x3 = b sin θ.
Here {x1, x2, x3} are the matter comoving Cartesian coordinates and r =√
(x1)2 + (x2)2 + (x3)2. The induced two-metric becomes
σ0 = b
2dθ2 + (a+ b cos θ)2dϕ2.
Further calculation shows
|Σ0| = 4pi2ab, H0 = a+ 2b cos θ
b(a+ b cos θ)
, | ◦A0|2σ0 =
a2
2b2(a+ b cos θ)2
.
Then
EGeroch(Σt) = −
1
8pi
(
1−
√
3
2
µ0 t
) 2
3
√
4pi2ab
16pi
(∫ 2pi
0
dϕ
)(∫ 2pi
0
a2
2b(a+ b cos θ)
dθ
)
= − a
5
2pi
3
2
8
√
b(a2 − b2)
(
1−
√
3
2
µ0 t
) 2
3
,
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EHawking(Σt) = −
√
abpi
16
(
1−
√
3
2
µ0 t
) 2
3
∫ 2pi
0
(a+ 2b cos θ)2
b(a+ b cos θ)
dθ +
µ0(abpi)
3
2
3
= − a
5
2pi
3
2
8
√
b(a2 − b2)
(
1−
√
3
2
µ0 t
) 2
3
+
µ0(abpi)
3
2
3
,
EHayward(Σt) =
µ0(abpi)
3
2
3
.
For a = 0.5, b = 0.4 and µ0 = 1, the graphs of EGeroch(Σt), EHawking(Σt)
and EHayward(Σt) of Σt with respect to t are plotted in Fig.1.
EHayward(t)
EHawking( t)
EGeroch(t)
0.2 0.4 0.6 0.8
t
-0.6
-0.4
-0.2
0.2
E
Figure 1. Graphs of EGeroch(Σt), EHawking(Σt) and
EHayward(Σt) of Σt with respect to t for a = 0.5, b = 0.4
and µ0 = 1.
4. Conclusions and Discussions
We consider the gravitational collapse of the Oppenheimer-Snyder dust
cloud. The initial matter density µ0 is assumed to be spatially constant.
For a generic closed two-surface within the star lying in a time slice with an
defining equation of the matter comoving coordinates, three quasi-local en-
ergies are investigated. The Geroch energy of the surface is nonpositive and
increases to zero. The Hawking energy of the surface can start from a neg-
ative value and increases to the Hayward energy of the initial surface. The
Hayward energy behaves quite well. The preference appears to be supported
by the fact that it is conserved and remains positive during the collapse. It
should be emphasized that even though the spacetime is spherically sym-
metric, there are no restrictions on the topology and the symmetry of the
surface in our results.
There are also works for non-homogenous dust clouds in the literature
[4, 7, 13, 9, 2, 10]. If one relaxes the condition of the matter density from
constant to being monotonically decreasing as r increases, it has been shown
that the shell with increasing r arrives successively at the centre and there
is no shell-crossing [4]. In this case,
eω(t,r) = R′(t, r) =
(
r
3
2 − h 12 (r)t
)− 1
3
(
r
1
2 − 1
3
h−
1
2 (r)h′(r)t
)
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and
R(t, r) =
(
r
3
2 − h 12 (r)t
) 2
3
where h
1
2 (r) = 32
√
2M(r) and M(r) is defined in (2) (cf. [1, Page 100, Eqn
(12.16)]). The spacetime metric (1) is not sliced with flat three-spaces as in
(6) and further (5) and (7) are no longer valid which play key roles in the
proof of our main theorem - the blow-up of the curvature being neutralized
by the shrinking of the area form appropriately. Moreover, although in the
new coordinates (t, R,Θ, ϕ), the induced three-metric on the time slice still
reduces to the Euclidean metric, nonzero component in front of the cross-
term dtdR appears [1, Page 101, Eqn (12.19)],
g˜ = −(1−
√
2M(r)
R
)
dt2+2R−
1
2
√
2M(r)dRdt+dR2+R2dΘ2+R2 sin2Θdϕ2.
Then the time slice is no longer totally umbilical. This also brings a peck of
difficulties and leads to the consequence that the quasi-local energy behaves
badly.
When the initial matter density is not monotonically decreasing, the sce-
nario is much more complicated. Shell-crossing happens and it inevitably
leads to the non-central singularities [4]. The study of the behaviour of
the quasi-local energy becomes significantly more formidable. Clearly it is
beyond the scope of the current paper.
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